The angular dependence of the differential cross section of unpolarized light-by-light scattering summed over final polarizations is the same in any low-energy effective theory of quantum electrodynamics and also in Born-Infeld electrodynamics. In this paper we derive general expressions for polarization-dependent low-energy scattering amplitudes, including a hypothetical parity-violating situation. These are evaluated for quantum electrodynamics with charged scalar or spinor particles, which give strikingly different polarization effects. Ordinary quantum electrodynamics is found to exhibit rather intricate polarization patterns for linear polarizations, whereas supersymmetric quantum electrodynamics and Born-Infeld electrodynamics give particularly simple forms.
Introduction
In 1935, long before quantum electrodynamics (QED) was in place as the fundamental theory of electromagnetic interactions, Euler and Kockel 1, 2 evaluated its implications on the nonlinear phenomenon of the scattering of light by light at energies below the electron-positron pair creating threshold.
a The underlying effective action quartic in the electromagnetic field strength tensor that Euler and Kockel had obtained was then generalized to all orders in the famous paper by Heisenberg and Euler, 6 and extended to the case of charged scalar particles by Weisskopf, 7 all in 1936. A rather different action for nonlinear electrodynamics was proposed in 1934 by Born and Infeld, 10 whose aim was to eliminate the infinite self-energy of charged particles in classical electrodynamics and which for some time also carried the hope of taming the infinities of quantum field theory. Born-Infeld (BI) electrodynamics leads to light-by-light scattering already at the classical level, which was studied by Schrödinger in the 1940's. 11, 12 Remarkably, this theory surfaced again in string theory as the effective action of Abelian vector fields in open bosonic strings.
13c In fact, many of its curious properties can be understood from a string theoretic point of view. 18, 19 In this paper we revisit the polarization effects in low-energy light-by-light scattering that have been worked out previously in ordinary (spinor) QED 5 for circular polarizations, and we generalize to the most generic low-energy effective action quartic in field strengths, including also a parity (and CP) violating term.
With circular polarizations the various differential cross sections have a rather simple form, where only the magnitude, but not the angular dependence, depends on the parameters of the low-energy effective action, i.e., on the matter content of the fundamental theory. However, with linear polarizations one obtains also widely different angular dependences. Moreover, P and CP odd effects are separated from the other contributions when linearly polarized states are considered.
We admit that our study is mostly of mere academic interest. We are not aware of any concrete theory in the current literature that would lead to the P and CP odd term in the effective action for low-energy light-by-light scattering that we are considering.
d However, light-by-light scattering is one of the current research topics in high intensity laser physics 20 and polarization effects are of great relevance there, see e.g. Refs. 21, 22 where it has been proposed that the effect of vacuum birefringence [23] [24] [25] may be tested in counter-propagating laser beams (see also Ref. 26 for more general tests of nonlinear electrodynamics).
Low-energy effective actions for light-by-light scattering
In the limit of photon energies much smaller than the masses of charged particles, the latter can be integrated out, yielding a gauge and Lorentz invariant effective action that is constructed from the field strength tensor and where the leading terms involve the latter without further derivatives. In an Abelian theory, it is well known that there are only two independent Lorentz (pseudo-)scalars, which we define as
c There are supersymmetric extensions of the BI Lagrangian which differ in terms beyond quartic order in the field strength, 14 however the full supersymmetry of ten-dimensional superstrings again singles out the original form. 15-17 d One way to produce such a term would be a coupling of photons to axions and dilatons in a CP-breaking background.
Polarization effects in light-by-light scattering 3 , and E · B. Boost invariance reduces these to two only.)
The most general low-energy effective action for elastic light-by-light scattering therefore has the form
If one furthermore demands invariance under P and CP transformations, the third term is forbidden. It is kept here for generality and in order to see what features in the scattering cross section it would give rise to. The one-loop contributions to c 1 and c 2 in spinor and scalar QED have been first obtained by Euler and Kockel 1, 2 and Weisskopf, 7 respectively, and are reproduced in Table 1 .
The case of low-energy light-by-light scattering in supersymmetric QED was discussed in Ref. 27 as an illustration of a connection between self-duality, helicity, and supersymmetry discovered initially in the context of supergravity. 28 In supersymmetric QED the matter content is given by two charged scalar particles in addition to the charged Dirac fermion. As shown in Table 1 , adding twice the contributions of scalar QED to spinor QED leads to c 1 = c 2 . This corresponds to self-duality of the quartic term, 27 since then one has
with
The same self-dual form at quartic order in the field strength is found in BornInfeld electrodynamics, which is given by 
Scattering Amplitudes
The amplitude for elastic photon scattering with given photon momenta k
(with i k i = 0) and polarizations 1 , . . . , 4 is obtained from (2) by
This produces 24 terms for each of the terms in (2).
e For linear polarizations, we can write = (0, e) with a real unit vector e orthogonal to k. We denote e i and e o for the directions in and out of the plane of the scattering, respectively, such that e i , e o and k/|k| form a right-handed orthogonal basis of unit vectors. For circular polarizations, we introduce the complex unit vectors
where the index +/− denotes positive/negative helicities. f Note that e ± are orthonormal in the sense e * ± · e ± = e ∓ · e ± = 1, e * ∓ · e ± = e ± · e ± = 0. The scattering amplitudes, being Lorentz scalars, can be expressed in terms of the Mandelstam variables s, t, u. In the center-of-mass system, the only variables are ω = |k| and one polar angle θ (see Fig. 1 ), which are related to the Mandelstam variables by
e As already noted in Ref. 34 , this immediately shows that the prescription given in the textbook by Itzykson and Zuber 35 has an error in the combinatorics. However, while the formula for M in Eq. (7-97) of Ref. 35 misses a factor 24, the final result for dσ/dΩ given therein is correct (but the resulting total cross section σ contains a typo, see below for the correct value). f In optics, positive helicity is often denoted as left-handed circular polarization, which is at variance with particle physics as well as IEEE conventions. 
and all other amplitudes are obtained by complex conjugation which flips all helicities, e.g. M −−−− = M * ++++ . For the coefficients c i corresponding to spinor QED (see Table 1 ), this reproduces the low-energy result given in Refs. 5, 36 (as shown in the latter, amplitudes with an odd number of + or − helicities start to contribute at order ω 6 /m 6 ). Notice that the P and CP odd contribution proportional to c 3 shows up only in the amplitude M ++++ = M * ++++ , corresponding to scattering with polarizations ++ → −− and −− → ++, where it introduces a phase in the otherwise purely imaginary expression.
The amplitudes for the linear polarizations in and out of the collision plane read
All amplitudes are invariant under flipping all linear polarizations i ↔ o, which fixes those not explicitly given. (Note that also the amplitudes with linear polarizations can be expressed solely in terms of squares of Mandelstam variables by rewriting
In contrast to the case of circular polarizations, all amplitudes for linear polarizations are purely imaginary and the P and CP odd contribution is separated in the amplitudes with an odd number of i or o polarizations.
In supersymmetric QED and in Born-Infeld electrodynamics, where c 3 = 0 and c 1 = c 2 = 1/(2b 2 ), the scattering amplitudes simplify in that M BI/susy
requires an equal number of + and − helicities. The amplitudes with mixed linear polarizations also simplify and take the special forms
Differential Cross Sections
The final expression for the differential cross section reads
in the center-of-mass system, to which we will stick in what follows. Let us just point out that with the results given above in terms of Mandelstam variables, an equivalent, frame-independent expression for light-by-light scattering is given by
which would be useful for describing the scattering of photons with unequal energies. 
Unpolarized inital states with summation over final polarizations
The unpolarized differential cross section for low-energy light-by-light scattering, averaged over inital polarizations and summed over final polarizations, reads
Evidently, this result has a universal dependence on the scattering angle, which is displayed as a polar plot in Fig. 2 . In ordinary spinor QED (see Table 1 ), this gives the well-known result 2, 5, 35, 37
Replacing electrons by two charged scalar fields of the same mass as electrons would amount to replacing the factor 139 by 34. Scalar QED, even with the same number of degrees of freedom as ordinary QED, thus turns out to be much less efficient in scattering light by light in the low-energy region. Finally, supersymmetric QED would have a factor 225 in place of 139.
The total cross section is given by
where the factor 1/2 is due to having identical particles in the final state. (Alternatively, one could do without this symmetry factor and integrate over only one hemisphere. 35 ) This yields
In ordinary QED one obtains
in agreement with Refs. 2, 5, 37. 
Final polarization with initial unpolarized photons
When the polarizations of the photons after the scattering of initially unpolarized photons are measured, the angular dependence of the differential cross section is in general different from (22) . Separating the contributions of equal and opposite circular polarizations in the final state, we obtain 
(Twice the sum of (27) and (28) reproduces (22), as it should.) The results for the three QED theories of Table 1 are compared in Fig. 3 . (In the case of scalar QED, we have doubled the matter content and considered two charged scalar fields, because the supersymmetric case corresponds to the combination of one Dirac fermion and two scalars as charged matter fields.)
A noteworthy feature appears in the supersymmetric/Born-Infeld case in that the differential cross section for unpol. → ++ or −− is completely isotropic, while ordinary QED shows (a rather moderate amount of) anisotropy. On the other hand, the result for unpol. → +− or −+ has a universal angular dependence. +4(7c
which are displayed for the three versions of QED in Fig. 4 . Now we find that for the same linear polarizations in the final state, scalar and spinor QED are rather similar in form as well as magnitude (when both have the same number of charged degrees of freedom), but this is completely different for opposite linear polarizations. In the latter case, the scalar QED result is extremely suppressed, in particular for right-angle scattering |θ| = π/2. 
Polarised initial and final states
The total scattering cross sections of initial polarized states is given by the above expressions through
New features are brought about when both initial states have definite polarizations. When all polarizations are circular, the angular dependence has universal form and only the magnitude varies between different theories. However, with linear polarizations, these differences become visible as different angular patterns, occasionally involving destructive interference in certain directions. The only exceptions are the case of all four linear polarizations being equal and the hypothetical P and CP violating contribution involving c 3 , which have the same angular dependence as the unpolarized case. However, while the contribution involving c 3 gets buried in parity conserving contributions to ++ → −− and −− → ++, with linear polarizations it would constitute the leading low-energy contribution to scattering with an odd number of i or o polarizations (if such P and CP violating vacuum polarization effects should exist).
In Figures 5-7 we juxtapose the different patterns for differential cross sections with processes involving linear polarizations that are not all equal.
In Fig. 5 the case of scattering with parallel linear polarizations is displayed, where the final state has parallel linear polarizations orthogonal to the initial ones. Here the three theories differ most conspicuously: ordinary spinor QED has maximal scattering in forward and backward directions, scalar QED is roughly isotropic, and supersymmetric QED (as well as BI electrodynamics) is maximal at right angle scattering. However, while the latter shows a perfect squared dipole pattern, the ordinary QED result is four lobes, with tiny lobes at right angles, made visible only in the greatly magnified Fig. 6 . At right angles the differential cross section is a Here the ordinary QED result has a pronounced maximum at θ = 0, π, a secondary tiny maximum at |θ| = π/2 (cf. Fig. 6 ), and zeros at | cos θ| = 1/ √ 7 ≈ 0.378 (denoted by thin straight lines); the scalar QED result is maximal at |θ| = π/2 but close to isotropic; the supersymmetric QED (Born-Infeld) result is proportional to sin 4 θ, the square of a perfect dipole. factor of 1/36 ≈ 0.028 smaller than the maximal values at θ = 0 and π, and a zero occurs at | cos θ| = 1/ √ 7 ≈ 0.378. In Fig. 7 the differential cross section for scattering with orthogonal linear polarizations are given, io → io or oi → oi. (The flipped cases io → oi or oi → io are given by the mirror images θ → θ + π.) Here scalar QED not only exhibits a rather different pattern than spinor and supersymmetric QED, it is also greatly suppressed, by an order of magnitude, similarly to the case unpol. → io shown above. Scalar QED has zeros at cos θ = (4 − √ 13)/3 ≈ 0.13 and a maximum for back scattering (θ = π). This maximum exactly equals the minimal value of the QED result at the same angle (with two charged scalars), leading to a destructive interference at θ = π in the supersymmetric result. Its maximum at θ = π is exactly equal to the minimal value of the QED result there and interferes destructively in the supersymmetric result at θ = π.
Exceptional properties of Born-Infeld electrodynamics
The special feature of self-duality of BI electrodynamics and of supersymmetric QED which underlies the fact that M ++++ = M * −−−− = 0 is also responsible for the absence of vacuum birefringence.
34h Vacuum birefringence means different indices of refraction for different polarizations in the vacuum polarized by electromagnetic fields (either the field of another wave or a constant external field), which to leading order are determined by
when c 3 = 0, i and this equals unity for BI electrodynamics and of supersymmetric QED.
However, BI electrodynamics has further exceptional properties, some of which go beyond supersymmetric Euler-Heisenberg Lagrangians, but which can be understood from a string theoretic point of view.
19
In general, a Lagrangian that is nonlinear in the two quadratic invariants F and G still has exact solutions in the form of monochromatic waves, for which F = G = 0, independent of the size of the amplitude and thus of the degree of nonlinearity. But it is no longer possible to superimpose different monochromatic plane waves such that they form stable localized wave packets. Instead, their time evolution permits singularities such as shock formation where the limit of applicability of the effective field theory is reached.
39
BI electrodynamics is exceptional (in the sense of Lax) that no shocks are formed. agating with the speed of light is an exact solution of the field equations of BI electrodynamics. 41 E.g., the ansatz A y = f (t, x) leads to
which is solved by f (t, x) = g(t − x) and f (t, x) = g(t + x) with arbitrary function g. In 1943, Schrödinger 12 moreover found that two counter-propagating circularly polarized monochromatic plane waves form an exact solution where the phase velocity v of the two waves in the center-of-mass system is reduced with v −2 − 1 being proportional to the energy density. Each of the two monochromatic plane waves therefore represents a medium with a certain index of refraction for the other one.
A necessary condition for this to be possible can in fact be seen to hold in the above results for polarized differential cross sections. In BI electrodynamics we have M ++++ = 0, which actually means that there is no scattering of two right-handed photons into left-handed ones, σ(++ → −−) = 0; BI electrodynamics preserves helicity. 42 The so-called 43j MHV amplitude M ++−− = 0 corresponds (here slightly confusingly) to ++ → ++, and this is isotropic. The situation is therefore similar to electrodynamics in an isotropic medium with a polarization-independent refractive index. The homogeneous isotropic scattering superimposed on the individual plane wave traveling originally with the speed of light reduces its phase velocity uniformly. In the case of light-by-light scattering a counter-propagating wave of same helicity effectively provides such an isotropic medium.
Conclusion
In this paper we have studied the general form of polarization-dependent differential cross sections of light-by-light scattering at low energies, even including a parity violating contribution. While the angular dependence of all amplitudes with given helicity states has a universal form such that only their magnitude varies between different effective field theories (with a zero for M ++++ = M * −−−− in the case of supersymmetric QED and Born-Infeld electrodynamics), linear polarizations lead to interesting patterns for different theories. Moreover, a parity violating contribution, which in the case of circular polarizations is buried in the parity conserving contributions of (non-supersymmetric) QED to polarizations ++ → −− and −− → ++, appears as a leading contribution in scattering with an odd number of parallel linear polarizations.
j Amplitudes with two helicities of one type and all the others of the other type are called maximally helicity-violating (MHV) because the even more helicity-violating ones with all helicity indices equal, or only one unequal, vanish in a supersymmetric gauge theory, and have no cuts for general gauge theories.
